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A Low-Power-Consumption Out-of-Plane
Electrothermal Actuator
David Girbau, Marco Antonio Llamas, Jasmina Casals-Terré, Xavier Simó-Selvas,
Lluís Pradell, Member, IEEE, and Antonio Lázaro
Abstract—This paper proposes a new vertical electrothermal
actuator. It can be considered as a hybrid between the traditional
in-plane buckle-beam actuator and the vertical hot–cold actuator.
It is here referred to as vertical buckle beam. At identical dimen-
sional and bias conditions, it features a displacement larger than
that of other vertical electrothermal actuators proposed so far
in the literature. The actuator performance is demonstrated by
means of an analytical model along with finite-element analysis. It
is applied as a driving element in parallel-plate capacitors, where
it is validated and its advantages in terms of power consumption
are demonstrated empirically. [2006-0115]
Index Terms—Buckle-beam actuator, out-of-plane (vertical)
and in-plane electrothermal actuators.
I. INTRODUCTION
OUT-OF-PLANE and in-plane electrothermal actuatorshave demonstrated capabilities to be key elements in
a number of applications such as micromirrors (for display
and telecommunication), optical and RF switching, microlens
scanners, microengines, microrelays, and variable capacitors
[1]–[8]. High-displacement capability with low actuation
voltage is their main characteristic. Concerning out-of-plane
actuators, several topologies have been presented in the lit-
erature so far. The bimorph actuator [9], [10] is based on a
bilayer structure, which is composed of two materials whose
coefficients of thermal expansion differ from each other. If an
electrical current is applied, it results in a temperature change,
giving rise to a displacement, since the expansion of both layers
is different. The vertical hot–cold structure is proposed in [11];
the hot arm is placed over the cold arm, resulting in a downward
motion when a voltage is applied. A third vertical actuator is
proposed in [7] and [12], which consists of a coplanar structure
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made up of three beams with two possible topologies: a hot
arm in the middle and two cold arms at both sides, or a
cold arm in the middle and two hot arms at both sides. The
arms are connected at one end and individually anchored to
substrate at the other end. In this way, the arms’ different
expansion results into an out-of-plane displacement. Another
vertical electrothermal actuator is proposed in [13]. It consists
of four parallel identical beams connected at their free ends
and anchored at the others. The inner and the outer beams are
located at different planes by two steps placed in the free ends of
the inner ones. When a current flows through the inner beams,
they experience a thermal expansion larger than that at the outer
beams and, since the beams are not coplanar, this gives rise to a
torque that induces an upward motion. On the contrary, when a
current flows through the outer beams, the actuator experiences
a downward motion. Finally, another bidirectional vertical
electrothermal actuator is proposed in [14]. In this case, the
actuator has two superposed U-shaped beams anchored at the
substrate separately at one end and connected at the other end
through a via. It can move upward and downward, depending
on where the voltage is applied, the top U or the bottom U.
This paper proposes a new low-power-consumption out-of-
plane electrothermal actuator, which is referred to here as
vertical buckle beam (VBB) [see Fig. 1(a)]. The VBB actu-
ator can be qualitatively considered as a hybrid between the
traditional in-plane buckle-beam (V-shaped) actuator [15], [16]
and the vertical hot–cold actuator [11]. Its main advantage with
respect to other proposed electrothermal out-of-plane actuators
[13], [14] is the increased displacement for the same dimen-
sions and dc power consumption conditions since it provides a
higher in-plane force due to the prebending angle ϕ, resulting
in higher out-of-plane forces. Furthermore, in contrast to [11],
the dc power consumption is optimized (i.e., the efficiency
increases) since no current goes through the cold arm (as in
[13] and [14]).
The VBB proposed is manufactured as the driving element of
a parallel-plate RF capacitor and validated empirically through
the measurement of the capacitor tuning range for several actu-
ator prebending angles ϕ. The reason a parallel-plate capacitor
is chosen as a demonstrator is because of its inherent tuning
range limitation when it is driven by electrostatic actuators
[17], [18]. Indeed, a number of design techniques to enlarge its
tuning range have been proposed so far [17], [19], and the use
of electrothermal actuators as driving elements [7], [8], [12],
[14], [18] has proven to be a successful solution. More-
over, electrothermal actuators are good candidates to improve
RF power handling and intermodulation distortion in RF
1057-7157/$25.00 © 2007 IEEE
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Fig. 1. (a) Three-dimensional view of the VBB with its main dimensions.
(b) VBB 2-D mask (ϕ = 5◦). (c) VBB at an actuated position.
microelectromechanical system (MEMS) capacitors [20], [21],
since they usually have a large vertical stiffness constant. In
[8], a tunable capacitor based on an electrothermal actuator is
proposed. The actuator is a lateral hot–cold type, which, with
a suitable design, transforms its motion into an upward and
downward displacement of a mobile membrane, which is, in
turn, the capacitor top electrode. A capacity variation of 4.25:1
(0.8–3.4 pF) was measured with an actuation voltage smaller
than 3 V. The vertical thermal actuator proposed in [7] and [12]
is applied to the control of a parallel-plate capacitor, achieving
a tuning range of 2.7:1. The bidirectional vertical electrother-
mal actuator presented in [14] was applied to a parallel-plate
capacitor, tuning its capacity from 5.04 to 2.944 pF (1.71:1),
with an actuation voltage of 5 V. Reference [18] proposes
four U-shaped actuators as driving elements in a parallel-plate
capacitor, with a variation of 2.21:1 (2.9–6.4 pF).
This paper is organized as follows. The VBB actuator opera-
tion is described in Section II; an analysis follows in Section III,
describing a theoretical model for the actuator operation, which
is validated through finite-element analysis (FEA) simulations.
In Section IV, the proposed VBB actuator is applied as a driving
element in a parallel-plate RF capacitor, experimentally tested,
and validated.
II. VBB ACTUATOR
Fig. 1(a) shows a 3-D view of the VBB actuator with its
main dimensions. It is implemented with the commercial sur-
face micromachining fabrication process PolyMumps [22]. The
VBB is made up of a V-shaped actuator in the top polysilicon
layer (Poly2: see [22]), with a constrained motion in plane due
to a straight beam in the bottom polysilicon layer (Poly1: see
[22]). The V-shaped actuator is anchored to the substrate at both
ends and connected through a Poly1–Poly2–via to the end of the
straight beam, which is, in turn, connected to the substrate at the
other end, as shown in Fig. 1(b). When a voltage is applied to
the V-shaped beam, the current flows through the top layer only,
which expands in-plane due to an increase in its temperature.
The bottom beam, which is not affected by the applied voltage
(cold arm), causes the actuator tip to deflect downward to
the substrate, as shown in Fig. 1(c). The prebending angle ϕ
controls the actuator displacement.
The U-shaped actuator proposed in [14] may qualitatively
be considered as a particular case of the VBB, when the
two buckle-beam arms become parallel. The main difference
between VBB and U-shaped actuators is the lack of the bottom
U in the VBB (which is replaced with a cantilever beam,
with a much smaller stiffness constant). The bottom U permits
bidirectionality, but it decreases the displacement. The one
proposed in this paper is unidirectional. However, when it is
applied to RF capacitors—the case for the actuator proposed
here—unidirectional displacement is enough, as the U-shaped
actuator bidirectional capability can be compensated by in-
creasing the initial gap and actuator displacement, increasing ϕ.
III. VBB ANALYTICAL THERMOMECHANICAL MODEL
To model the behavior of the VBB actuator, the physical
analysis of the system has been divided into two parts: the
thermal model and the mechanical model. This is shown in
the block diagram of Fig. 2. The inputs to the models are the
geometry of the VBB actuator and the voltage V applied. This
voltage causes an average distribution of temperature along the
V-shaped beam (∆T ). This thermal load is used to calculate the
in-plane deflection of the V-shaped beam (∆L) [23], which,
due to restrictions imposed by beam 3, produces the out-of-
plane deflection (δ). Using this model, there are two basic
optimization strategies to increase displacement: either, for
given dimensions of the actuator, increase the prebending angle
ϕ or change the dimensions of the V-shaped beam (basically, in-
crease L1) until the desired deflection is obtained. The thermal
and mechanical models are presented in the next sections.
A. Thermal Analysis
The actuator motion is achieved through material thermal
expansion. Since the VBB has been fabricated with PolyMumps
and considering the hypothesis verified in [14] and [23] for
sacrificially released devices, most of the heat is dissipated
toward the substrate through anchors. The VBB electrothermal
analysis can be simplified as a 1-D heat transfer problem. It
is assumed that the current flows through the V-shaped beam,
which is modeled as three microbeams connected in series.
The coordinate system used in the thermal analysis is shown
in Fig. 3. L1, L2, and L3 are, respectively, the lengths of
the V-shaped half beam, the junction beam, and the bottom
(cold) arm.
As stated in [14], under steady-state conditions and consid-
ering only heat conduction, the heat flow in one differential
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Fig. 2. VBB actuator design flow using the thermomechanical model presented in Section III.
Fig. 3. One-dimensional coordinate system.
element (dx) of the V-shaped beam is ruled by the following
equation:
−k ∂T
∂x
∣∣∣∣
x
+ q˙j · dx = −k ∂T
∂x
∣∣∣∣
x+dx
(1)
where q˙j is the ohmic heat produced in a cubic unit of beam
material, and k is the thermal conductivity. Equation (1) can be
simplified by applying Taylor series expansion as follows:
k
∂2T
∂x2
+ q˙j · dx = 0. (2)
The general solution to the temperature distribution for the
jth element of the V-shaped beam becomes
T1(x) = − q˙12kx
2 + C11x+ C12 (3)
T2(x) = − q˙22kx
2 + C21x+ C22 (4)
T3(x) =C31x+ C32 (5)
where T1(x), T2(x), and T3(x) are temperature distributions
in the V-shaped beams, the junction beam, and the cold beam,
respectively. Since no current goes to the bottom beam, the
temperature distribution along it is a simple linear heat con-
duction problem. Coefficients C11, C12, C21, C22, C31, and
C32 are integration constants that are solved by considering the
following set of boundary conditions (6)–(11):
T1(0) = Ts (6)
which forces temperature in x = 0 to be the substrate tempera-
ture Ts. The temperature at the beginning of the junction beam
has to be the same as the V-shaped end temperature, i.e.,
T2(L1) = T1(L1). (7)
The heat flux conservation at the junction of each beam
yields
dT1
dx
∣∣∣∣
x=L1
A1 =
dT2
dx
∣∣∣∣
x=L1
A2 (8)
where Aj and Lj are the beam cross-sectional areas and
lengths, respectively.
The temperatures at the center point of the mechanism for
the junction beam and for the cold beam are the same, i.e.,
T3
(
L1 +
L2
2
)
= T2
(
L1 +
L2
2
)
. (9)
The heat fluxes in the junction beam and the cold beam are
the same, i.e.,
dT2
dx
∣∣∣∣
x=L1+
L2
2
A2 =
dT3
dx
∣∣∣∣
x=L1+
L2
2
· A3
2
. (10)
Since the VBB thermal actuator is symmetric along its center
line, the temperature distribution is also symmetrical, and the
cold beam has to be considered with a half cross section,
because it is shared between the two symmetric parts.
It is assumed that the cold beam anchor temperature is the
same as the substrate temperature (Ts), i.e.,
T3
(
L1 +
L2
2
− L3
)
= Ts. (11)
The ohmic heat power generated in a volumetric unit for
each beam is
q˙1 =
i2
A21σ
q˙2 =
i2
A22σ
(12)
where A1 and A2 are cross-sectional areas, σ is the electric
conductivity, and i is the current through the beam, which is
given by
i =
V σ(
2L1
A1
+ L2A2
) (13)
where V is the applied voltage between anchors, and Lj are the
beam lengths. Using the boundary conditions to solve (3)–(5),
the temperature distribution of a VBB actuator with dimensions
in Table I is plotted in Fig. 4. The maximum temperature
appears near the end of the V-shaped beam rather than at the end
because the bottom beam acts as a heat sink. The dimensions in
Table I have been chosen to optimize the power consumption
and actuator area for the required displacement in the parallel-
plate capacitor presented in Section IV.
B. Mechanical Analysis
Since both beams (top and bottom) are subjected to com-
pression/traction due to the thermal load, which causes lateral
bending moment, it results in an out-of-plane motion. The VBB
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TABLE I
SIMULATED ACTUATOR DIMENSIONS
Fig. 4. Temperature distribution for 2.5 V applied.
Fig. 5. Schematic view of the reaction forces and torques at the junction point.
actuator is modeled as a 1-D Euler-beam model. Fig. 5 shows
a cross-section of the VBB actuator at its symmetry plane
with reaction forces and moments. The input to the mechanical
model is the average temperature of the actuator arms, which is
derived from the previous analysis.
The out-of-plane displacement δ is due to an in-plane dif-
ferential displacement between the top V-shaped beam and the
bottom cold beam. Equation (14) defines the in-plane difference
of thermal expansion that causes the out-of-plane motion δ as
follows:
∆L = ∆Lv −∆L3 (14)
where ∆Lv is the in-plane displacement of the V-shaped beam,
which is analyzed by Enikov et al. [23]. The net enlargement of
Fig. 6. In-plane free displacement analytical model [23] compared to FEA
simulation results for the manufactured V-shaped beam. An average tempera-
ture increase of 300 ◦C is considered.
the bottom beam is given by thermal expansion and compres-
sion of the beam as
∆L3(X) = α · L3 ·∆T 3 + XL3
EA3
(15)
where α is the thermal expansion coefficient, X is the axial
load (see Fig. 5), E is the Young modulus, and ∆T 3 is the
average temperature increase of the bottom beam (16), which is
defined by
∆T 3 =
∫ L3
0 (T3(x)− Ts) dx
L3
. (16)
Fig. 6 shows the in-plane free displacement of a V-shaped
actuator. It can be seen that as ϕ increases, the in-plane motion
is also increased, up to ϕ angles where the V-shaped actuator is
so open that, instead of acting as two bended beams, the beam
acts as one slender beam and starts buckling due to the thermal
load. In a VBB actuator, a compression force F acts against
displacement, limiting the tip in-plane motion and lowering
the buckling point. However, even for high in-plane forces, the
displacements for large ϕ are higher than for small ϕ, if ϕ angle
is kept below 80◦.
Generally, the V-shaped thermal actuator has a nonlinear
behavior, but in the displacements range where the VBB works
(less than 1 µm) and for the tested angles, the displacement can
be approximated, with less than 0.1% error, by a linear behavior
defined by
∆Lv(X) = ∆Lv(0)− rv ·X (17)
where ∆Lv(0) is the displacement of a V-shaped beam without
an in-plane external load, and rv is the linearization of the dis-
placement of the V-shaped beam due to the compression force.
These two values are obtained for each average temperature
using Enikov’s model [23].
Applying (15) and (17) to (14), ∆L becomes
∆L(X) = ∆Lv(0)− rv ·X − α · L3 ·∆T 3 − XL3
EA3
. (18)
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If the junction is considered incompressible due to its short
length compared to the length of the bending beams, both the
V-shaped and bottom beams are constrained to have the same
vertical deflection δ, i.e.,
δ = δ1 = δ3 (19)
and the same rotation angle θ, which is approximated to its
tangent as
θ1 = θ3 = θ ≈ ∆L
h
(20)
where h is the out-of-plane distance between the bottom and top
layers. Applying the Euler-beam theory, the VBB out-of-plane
displacement is
δ = δ1 =
Y L31
3E(2I1)
+
cos ϕ ·M · L21
2E(2I1)
δ = δ3 = − Y L
3
3
3EI3
− (M +X · h) · L
2
3
2EI3
(21)
where Y and M are the vertical force and the bending moment,
respectively (see Fig. 5). The angle rotated by the end point of
the two beams is
−θ = − θ1 = Y L
2
1
2E(2I1)
+
cos ϕ ·M · L1
E(2I1)
θ = θ3 =
Y L23
2EI3
+
(M +X · h)L3
EI3
. (22)
Note that, in the V-shaped beam equations, I1 is the inertia
moment of the V-shaped beams, the bending moment is pro-
jected in the out-of-plane direction (cosϕ), and I3 is the inertia
moment of the bottom beam (cold arm).
From (18), (20)–(22), for a given average temperature, the
vertical free displacement and rotation angle due to the thermal
load can be calculated. The displacement δ is
δ =
N1 cosψ
N2 cosψ +N3
(∆Lv(0)−∆L3(0)) . (23)
The rotation angle θ is
θ =
P1 cosψ
P2 cosψ + P3
(∆Lv(0)−∆L3(0)) . (24)
N1, N2, N3, P1, P2, and P3 are given in the Appendix.
The above analytical model has been verified using FEA sim-
ulations. To compare the FEA results (maximum displacement)
to the analytical model results, the junction solid rigid rotation
has to be added to the displacement calculated from (23)
as follows:
δMax = δ + sin(θ)w2 (25)
where w2 is the junction width.
Plotting (25) for different prebending angles, it can be ap-
preciated that the vertical displacement is increased as the
prebending angle ϕ increases. In Fig. 7, the analytical vertical
displacement obtained from (25) is compared to the FEA
Fig. 7. Comparison between the analytical model proposed and the FEA
simulations done with CoventorWare.
TABLE II
POLYSILICON PROPERTIES
Fig. 8. Actuator free displacement as a function of the prebending angle ϕ
and the applied voltage.
(CoventorWare) simulations. Table II lists the values for the
polysilicon properties assumed in the simulations.
Fig. 8 shows the VBB simulated free displacement as a
function of the applied voltage V and the prebending angle
(0◦ < ϕ < 35◦) using CoventorWare, whereas Fig. 9 shows the
maximum temperature at the actuator.
If the actuator is coupled to a device, an external force will
be applied, acting against the thermal deflection δ. Considering
small deflections of the VBB actuator, the total deflection
becomes
δT = δ +
Fext
kVBB
(26)
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Fig. 9. Actuator maximum temperature as a function of the prebending angle
ϕ and the applied voltage.
Fig. 10. Out-of-plane deflection of the VBB actuator with ϕ = 35◦ for
two different external forces applied to the tip of the actuator. Comparison
between the analytical model (continuous lines) and FEA simulations done with
CoventorWare (discrete points).
where kVBB is the stiffness of VBB actuator, and Fext is the
applied external force. In the case of the variable capacitor of
the next section, Fext, acting against the actuators, is due to the
serpentine suspensions. In [24], Fedder proved that in case of a
serpentine suspension, the force applied was linearly dependent
on the deflection (Fext = −ksδ), where ks is the stiffness of the
serpentine suspension. In Fig. 10, two different external loads of
100 and 200 µN have been applied to the tip of a VBB actuator,
with ϕ = 35◦. As the external load is increased, the working
range of the actuator is decreased, and more voltage is needed
to achieve the same out-of-plane deflection.
As a first conclusion, a significant increase in displacement
can be obtained by increasing the prebending angle ϕ. Fig. 8
shows that the actuator out-of-plane displacement for ϕ = 35◦
is almost twice the displacement for ϕ = 0◦. For instance, a
simulated actuator displacement of 0.75 µm can be obtained
either with a prebending angle ϕ = 0◦ and actuation voltage
V = 2.32 V or with a prebending angle ϕ = 35◦ and actuation
voltage V = 1.66 V, with a corresponding difference in the
actuation current and temperature, which is an important fea-
ture in terms of thermal management, specifically in packaged
devices.
Fig. 11. 3-D view of a capacitor using four VBB as driving elements.
Fig. 12. Photograph of a manufactured capacitor using four VBB actuators
with ϕ = 20◦. Plate area: 260× 210 µm2. Initial gap: 0.75 µm.
Fig. 13. Measured tuning range of the capacitor shown in Fig. 12.
In the above simulations, it can be observed that the me-
chanical models have the same temperature distributions, in-
dependent of the angle ϕ, since the other dimensions are
exactly the same. However, it can be observed in Fig. 9 that
the maximum temperature shows a slight tendency to decrease
with an increasing ϕ. A feasible hypothesis for that is, since
nonsquared meshing is not available in CoventorWare, the
actuator 3-D model consists of an approximation built up with
rectangles. This means that the actuator section is not constant,
and therefore, small hot spots arise, which fix the maximum
temperature. However, two additional observations are relevant.
First, it has been assessed that the temperature distribution is
identical in all the simulated devices, except in those small
hot spots. Second, the decrease in the maximum temperature
happens for large prebending angles ϕ, where simulations
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Fig. 14. Simulated comparison in terms of (a) displacement and (b) maximum temperature between the proposed ideal VBB shown in Fig. 1(a) (planar) and its
adaptation to be manufactured with the PolyMumps conformal process (shown in Fig. 13).
demonstrate displacements much larger than those obtained
with small ϕ’s.
IV. RF CAPACITOR DRIVEN BY THE VBB ACTUATOR
AND ACTUATOR VALIDATION
This section explains the integration of the VBB actuator into
a MEMS variable capacitor. As the goal now is to obtain an
absolutely parallel-to-substrate motion, four VBB actuators are
placed to control the squared top mobile membrane, one at each
corner, as shown in the 3-D view of a designed capacitor shown
in Fig. 11.
The designed capacitors have two different access pads: one
for RF purposes (capacity variation testing) and another for
actuator biasing. The holes in the top plate are for the proper
release of the structures during sacrificial layer etching. A me-
ander spring has been added in order to access the mobile mem-
brane to measure the capacity variation; a second identical but
reversed spring has been added at the other side of the mobile
plate in order to have an absolutely balanced movement. Fig. 12
shows a photograph of a capacitor that was manufactured with
PolyMumps [22]. Concerning the actuator design, it must be
adapted to the PolyMumps conformal fabrication process and
to its design rules. Therefore, some changes to the actuator
shape are needed, resulting in the one shown in Fig. 13 (see
insert). The first change is the use of a Poly1 element under the
V-shaped structure in order to ensure planarity. Second, a large
via to connect the V-shaped structure and the bottom cantilever
is necessary in order to fulfill design rules. However, these
two modifications do not imply significant differences in the
actuator performance, as can be deduced from the comparison
between an ideal VBB actuator [see Fig. 1(a)] and the one
implemented with PolyMumps (see Fig. 13) shown in Fig. 14.
The correct performance of the proposed VBB actuator is
deduced from the measured tuning range, shown in Fig. 13, of
the capacitor in Fig. 12.
A comparison between three capacitors with the same di-
mensions but using three different VBB actuators (ϕ = 5◦, 20◦,
and 35◦) is given in Fig. 15, where their tuning ranges are
shown. In order to perform a proper comparison, the parasitic
capacity has been removed from the measured capacity and
normalized to the estimated nominal capacity Cn (case of no
actuation, assuming 10% fringing capacity). The normalized
Fig. 15. Measured capacity variation (small plot) and comparison of nor-
malized capacities for three parallel-plate capacitors driven by different VBB
actuators with ϕ = 5◦, 20◦, and 35◦.
measured capacity is shown as a function of the actuation
voltage, demonstrating a variation of 1.23:1 with respect to Cn.
A quite illustrative result is obtained, demonstrating the VBB
actuator usefulness and the advantages of increasing the angle
ϕ. Note that the difference in the minimum capacity between
the capacitor with 5◦ and the other two is caused by a different
parasitic capacity (the accesses are slightly different); nominal
capacities and initial gaps are identical.
In Fig. 16, the improvement shown in Fig. 15 is quantified
in terms of current and power consumptions. For instance, it
can be assessed that a capacity variation of 1.23:1 with respect
to Cn can be obtained by using the three VBB actuators (ϕ =
5◦, 20◦, and 35◦), with the actuation parameters summarized in
Table III. Note that the power and current consumptions are the
total values of the four driving actuators.
V. CONCLUSION
A new vertical electrothermal actuator has been proposed,
which can be seen as a hybrid between the in-plane buckle-
beam actuator and the vertical hot–cold actuator. It has been
here referred to as VBB. Its performance has been analyzed,
and its actuation principle has been shown, along with a study
of its main parameters. An analytical model has been proposed
and validated using FEA. It has been successfully integrated
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Fig. 16. Measured current and power consumptions for three parallel-plate
capacitors driven by different VBB actuators with ϕ = 5◦, 20◦, and 35◦.
TABLE III
MEASURED PARAMETERS
into variable parallel-plate capacitors, demonstrating significant
displacements, which increase as the initial prebending angle
increases. This actuator has demonstrated potential dc power
savings with respect to other vertical actuators presented in the
literature so far.
APPENDIX
COEFFICIENTS OF THE VERTICAL FREE DISPLACEMENT
AND ROTATION ANGLE EQUATIONS
N1 = −
L23h ·A3L21
(
L21I3 + 2L
2
3I1
)
2
(27)
N2 =
((−6L21L23 + 8L1L33) I1 + L41I3) rvI3A3E
+
(
I3A3h
2 + I23
)
L3L
4
1 − 6L21L33I1I3
+ (8I3 + 2A3h2)L43I1L1 (28)
N3 =2I1L3
(
2L33I1 − 3L21I3L3 + 4L31I3
)
× (L3 +A3Erv) (29)
P1 = −L3hA3L1
(
L31I3 + 2L
3
3I1
) (30)
P2 =A3
[(
L41I
2
3 + 8L1L
3
3I1I3 − 6L21L23I1I3
)
rvE
+ L41I3h
2L3 + 2L1L43h
2I1
]
− 6L21L33I1I3 + I23L3L41 + 8L43I1I3L1 (31)
P3 = I1
[
rvEA3
(
8L31I3L3 + 4L
4
3I1 − 6L21L23I3
)
+ 4L53I1 − 6L21L33I3 + 8L23I3L31
]
. (32)
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